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Nonequilibrium dynamics of a two-channel Kondo system due to a quantum quench
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Recent experiments by Potok ez al. have demonstrated a remarkable tunability between a single-channel
Fermi-liquid fixed point and a two-channel non-Fermi-liquid fixed point. Motivated by this we study the
nonequilibrium dynamics due to a sudden quench of the parameters of a Hamiltonian from a single-channel to
a two-channel anisotropic Kondo system. We find a distinct difference between the long-time behavior of local
quantities related to the impurity spin as compared to that of bulk quantities related to the total (conduction
electrons plus impurity) spin of the system. In particular, the local impurity spin and the local spin suscepti-
bility are found to equilibrate but in a very slow power-law fashion which is peculiar to the non-Fermi-liquid
properties of the Hamiltonian. In contrast, we find a lack of equilibration in the two-particle expectation values

related to the total spin of the system.
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I. INTRODUCTION

The behavior of a local spin coupled to one or more in-
dependent channels of conduction electrons is a classic prob-
lem in condensed-matter physics. It is well known that when
the local spin has a size S=1/2 and is coupled to only a
single channel of conduction electrons, the spin is com-
pletely screened and the many-particle system behaves as a
Fermi liquid.! In contrast, when the local spin is coupled to
two or more screening channels, one has dramatically differ-
ent behavior where the spin is overscreened, and the system
exhibits non-Fermi-liquid properties.> Due to the success in
realizing nanostructures consisting of a spin coupled to one
or more reservoirs, there has been a resurgence of interest in
these classic systems. The primary focus now is on under-
standing their nonequilibrium properties, such as the effect
of current flow® and their nonequilibrium time evolution.*

In this paper we will study nonequilibrium dynamics of a
two-channel Kondo system. We are motivated by recent ex-
periments by Potok er al.’> where by tuning external gate
voltages a local spin could be effectively coupled to a single
screening channel or to two independent screening channels.
Thus as a function of gate voltage, both single-channel
Fermi-liquid physics as well as two channel non-Fermi-
liquid physics was demonstrated on the same device. We will
study what happens when this external gate voltage control-
ling the fine tuning is changed rapidly in time from an initial
value corresponding to a single-channel Kondo (1CK) sys-
tem to a final value corresponding to a two-channel Kondo
(2CK) system, thus inducing nonequilibrium dynamics. The
time evolution of both single-particle expectation values, as
well as two-particle expectation values that exhibit non-
Fermi-liquid behavior in equilibrium will be studied.

Our system consists of two chiral noninteracting fermions
that constitute the two channels that interact with the local
spin S=1/2. We will employ the Emery-Kivelson mapping
onto an interacting resonant-level model.® In the past any
dynamics using this mapping, besides addressing other
physical situations, was studied only at the noninteracting
Toulouse point.” In this paper, in order to capture any non-
trivial dynamics of the total spin of the system, we will have
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to move away from the Toulouse point. The Hamiltonian H
is

H=ivp > | dul,— 0+ =7
ox 2

a,i=1,2 J -

E dx(‘ﬂ:% lﬂn - lﬂjl lﬂil)

i=1,2

> IO YL0)0h50,40). (1)
aB,i=1,2

A=x,y,z

Above, i labels channel while «, B labels spin index. 7, are
Pauli matrices and Ua5¢zﬁ is the spin- den51ty operator
for the electrons in the ith channel, while S§=7#/2 is the im-
purity spin operator. The coupling to the leads J;‘(t) are time
dependent (in an experiment these may be tuned by external
gate voltages).> When h,;=h,, a uniform magnetic field
couples equally to both the impurity spin as well as the spins
in the leads. When h,=0, h;# 0, the magnetic field couples
only to the impurity spin. We will assume anisotropic cou-
plings Jf(t):]{(t):]il(t) #Ji(¢). It is convenient to define,
Jo =5t +I5h) 2, 81, =05 —J5", where 87, =0 at the
2CK fixed point.

We briefly review the steps involved in mapping
the above model onto an interacting resonant-level model.®
One defines the canonically conjugate variables
[bia(x),11;5(y)]=i8;;8,50(x~y) in terms of which the fermi-
ons are written as i;,(x)=exp[— i®,;,(x) ]9/ 27, where
(I)m(x)—\ﬂ'[ JEodx' 1, (x") + ¢;,(x)]. This ensures that the
same species of fermions anticommute with each other.
7, are the Klein factors that are necessary to ensure anti-
commutation between different species of fermions. We
choose® 7, =exp(iff,) where, 6 =0; Of=7N; 65
=7(Ny|+Nyp): 6y,=m(N, | +Ny;+Ny), N, being the
total number of ia fermions. Defining x;,=®P;, OlKa,
one changes variables to 2y.= XIT"'XU"'XZT"'XZi’
2Xs=X11— X1+ X21— X2 2Xr=X11H X1~ X210~ X2y
2 Xsf=X11~X1]~ X2t + X2)- Next one performs the unitary
transformation H— U'HU, where U=exp[—iS_x,(0)], fol-
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lowed by a refermionization of the Hamiltonian into the fer-
mionic fields df=—=iS*; d=iS~ (so that d*d—%zSZ) and
w,,zc,s’f’sf(x)=ei”dee‘[Xv(X)/ \27ra. In what follows we will as-
sume that Ji,,J;, are time independent and 6/°=0. We set
J,, =J,, and the only time dependence will be in J,  (1).

With this we obtain
o] J-a ,
UHU = iv, > dx( Lp;—l/’)
v=c,s,f,sf v —% Jx

+ hzf dx i (X) i (x) + (hy = h2)<de— %)

+2(F - va)(d d- —) ¥ (0)4,(0):

,/0) + Y 0)d]

u()

\

[dT i(0) + 4, (0)d]. (2)

We will assume that the time dependence of J, | (¢) is that of
a quench, J,  (£)=J, 6(r). Thus for t<0 we have a 1CK sys-
tem that is described by an interacting resonant-level model.
Whereas for >0, the Hamiltonian is that of a 2CK system
where the coupling of the resonant level to the reservoir of

thyy fermions is vi ~-d)(0)+H.c.]. Thus in the
2CK model effectlvely only half of the resonant level corre-
sponding to the Majorana fermion a=—i(d"—d)/\2 couples
to the conduction electrons, while the other half
b=(d"+d)/\2, does not couple. As was pointed out in Ref. 6
all non-Fermi-liquid behavior stems from this peculiarity of
the resonant level, and as we shall see is also responsible for
interesting behavior in the dynamics.

To see this note that immediately after the quench we
have a highly nonequilibrium system, where any local de-
grees of freedom can relax to the ground state only via their
coupling to the reservoirs. In the 2CK model since only half
the local degrees of freedom are coupled, local quantities
relax very slowly, as we shall show in a power-law manner.
Moreover we find that two-particle expectation values re-
lated to the total (bulk plus local) spin of the system do not
relax to their equilibrium values.

II. TIME EVOLUTION OF LOCAL QUANTITIES

We will first consider the case when the external magnetic
field couples only to the local spin so that #;=h and h,=0.
We will study the time evolution of the local magnetization,
and the local spin susceptibility, the latter in the limit 4 — 0.
To capture the non-Fermi-liquid behavior of the local suscep-
tibility in an equilibrium 2CK system, it suffices to be at the

noninteracting Toulouse point J°=7v . Therefore the non-
equilibrium dynamics of the local quantities will also be
studied at the Toulouse point. Later while studying the dy-
namics of the total spin, we will have to move away from the
Toulouse point so as to capture non-Fermi-liquid physics.”!?
We define the following Green’s function for the local fer-
mion (spin),
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A ’ : ’ d(t) ’ ’

GR(e,t') == if(1—1 )<{<dT(t)),(dT(t) d(t ))}>, 3)
A ’ . d(t) ’ '
GX (1.1 )=—l<{(dw) >,(d*(t ) dle ))D. )

Denoting the individual elements of the above matrices as

é:(é "d’* gj':d), GRK obey the equation of motion,
1 0 ~ A
0, — h SR |GR=1, 5
{’ f (o 1 ) } ©)
GK=GRo3KoGA, (6)

where © denotes convolution in time, GA(z,¢')=[GR(¢' )],
and SRK are the self—energles due to coupling to the leads.

Defining T’ L—J, a time dependence of the form
Jy  (1)=J | 6(r) implies
. - L+ 6 (1) -2600)
SRty = —=8(1 -1’ ( 7
(1) =19 =200 1+ 6 7

N T
M) == 2 PLinh TrT(t—t’)}
1+06@)6(t") —(6()+6(r)
. (-(a(r')+e(z>) L+ 60)6(1") ) ®)

where T is the temperature of the conduction electrons.

The solutions to Eq. (5) depend on whether the time ar-
guments in GR(¢,t') are before or after the quench. When
both times are before the quench,

—ih(t-t") 0
éR(t<0,t, <0)=—i0(t—t,)€_ri(t_t,)/4<e )

0 eih(t—z’)
9)
When both times are after the quench we get
éR(t >0,t' > 0) =— 10([ — t’)e—rl(l—f’)/z
A(nt") Byt
><< i ,) i ,)*), (10)
Bi(t,t") [A(t,t)]

2
where l(t,t’)zcosh[\/%—hz(t—t’)]

- ”’ smh[\/ —h2(t "] and B,(1,1')

rL/z

F2
—L 2

4
the quench and the other before

ot

sinh[ T—hz(t—t')]. When one of the times is after

éR(t >0,t' <0)=—i6(t- tl)e—l‘lt/2+I‘Lt'/4
x( (t.t')  By(t,t") ) -
By(t,t") [Ay(t,1)]")’

Aq(t,1")=cosh\ (2= h2(t—1)?

where
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- ih(t=t' sinh /(%)2_}120_[/)2 and

(7”)2—/120—1’)2

= —inh\ (£ - K- 1)

V(5221

We first discuss the behavior of the magnetization
Se= %Gf’ 4i(t.1) for a time after the quench (hence, >0) and
when the conduction electrons are at a temperature 7=0.
Substituting Egs. (8), (10), and (11) in Eq. (6), in the limit of
h<T', and long times > 1/h we find

1 1 1
Sz(t) - SgCK,eq - e_hzl/FL |: .t O( ):| P (12)

wht  \R2T 1

By(t,1")

I3 =2k T3 -4k .
_277\3FI%—4112 n[rﬁ—zzz—rl:ﬁri—&] is the local
magnetization in the ground state of the 2CK Hamiltonian.
Thus the local magnetization does equilibrate but at a slow
rate of 4?/T" | associated with the » fermion. In contrast, for
a reverse quench J, | (f)=J , 6(—t) where the time evolution is
governed by a 1CK model for which the a and b fermions
are equally coupled to the reservoirs, we have checked that
S equilibrates at the much faster rate of I'| /4.

We will now study the time evolution of the
local longitudinal spin response function
X (t,t")==i0(t—t'){d (t)d(¢),d"(¢')d(t")}) which we re-
write as

Z —
where  S3ck =

-1
Xioc(t:1) = —1Gy (1) Gy 00+ Gy (111G (11

= Gl (0.1 Gh (1 .1) = Gl (18 Gl (2 D)].
(13)

It is useful to define the nonequilibrium static susceptibility
at time T, Xs.j0e(T,) = [odTX8 Tyt 3, T,y—3). For h=0, and
for very low temperatures T<<I', of the conduction elec-
trons, we find the following behavior for the static suscepti-
bility at times 7,,>1/T" |,

eq
Xs.10c(Tm) = X§oc. 20K

1 1 1 1
~ 1 + o vV 1T,<1
7T].—‘J_ n( 2TTm> 7TFJ_ <PLTm) "

- ( ) v TT,>1, (14)
' | \2TT,,

where®10 )(§f1,m,,2CK=#L1nF—TL is the equilibrium (non-Fermi-
liquid) local susceptibility of the 2CK Kondo system. Thus
we find that the logarithmic singularity associated with the
2CK system is cutoff by max(T, TL). Moreover at long times
TT,,> 1, the local susceptibility gquilibrates, but in a very
slow power-law fashion which is determined by the tempera-
ture of the leads.

III. TIME EVOLUTION OF BULK PLUS
LOCAL QUANTITIES

Let us consider the case where an external magnetic
field couples to the total (conduction electrons plus local)
spin of the system so that h;=h,=h. We will discuss

PHYSICAL REVIEW B 81, 125110 (2010)

0,tn
>

X,t N ~<— -’ y’t/

0,5

FIG. 1. Diagram for X§,1p(xt, yt'). Dark line: propagator for the
conduction electrons ,. Dashed line: propagator for the local d

fermion.

the time evolution of the response function of the
total spin of the system when h—0. From Eq. (2),
this may be formally defined as x(x,r:yt")
=—i0(t=1" )l (e, 00 g, 0) . (.1 gy 1)), At the Tou-
louse point J°=mvp, the local degrees of freedom do not
couple to the bulk field ¢, so that the response function is
independent of the local quench and is given by the Lindhard
function,

-L qur

Xola- )= <27Tup>qu— Q+id° (15)

Thus the static spin susceptibility Xso(q,Q=0)=(2__mL,F) and is
independent of gq.

To obtain non-Fermi-liquid behavior one has to move

away from the Toulouse point,>!” which couples i, to the

local field, and also introduces nonequilibrium dynamics in

XX Defining, x*(g;t,t")=[dx[dy cos q(x—y)x®(x,t;yt"), the
leading correction in (J*—mvp) to X (shown in Fig. 1) is

Xfmp(q;f,f,) =(F- WUF)ZJ dtlf dt2dXdy/\/5)c(tl,t2)

cos[g(x - y)][Gif_l,,s(x’0?t=tl)G§T¢x(0’x;t"t)

+ G (6,0:61)G (0,x:11,0)]
AR A

X [GRy (0,y:80,8 )G e (1,01 ,1,)
A A
K A !

+G‘/{z%(0,)’;l2,t )Glﬂjlﬂy(y’o’t ,tz)], (16)

where we have assumed that the interaction (J°—mvp) has
been switched on adiabatically slowly at long times in the
past. The label Y;,, signifies that it is the correction to the
bulk response function due to coupling to the local impurity,

GS}[; are the Green’s function of the free ¢, fermions, and

)(foc is defined in Eq. (13). Defining t=7,,+7; t'=T,,—7, the
nonequilibrium static susceptibility Xs.imp(@>Ty)
= 5dTXonp (@3 Tt 3, Tu=3) is

1 —
XS,imp(qum) = Z(JZ - WUF)ZI dtlf dtZXﬁ;c(tl’tZ)

de . .. 1
x [ e i Lyt e o
2m L

+X§(—q,f))(§(—qa— E)]’ (17)

where x& is given in Eq. (15). In equilibrium, i.e., when
J,=J, and is independent of time, Xﬁc is independent
of t;+1,. Thus the time integral over #, +1, forces €=0 in Eq.
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(17). With this one recovers the equilibrium result’!?
1 J=mvpyo

Xs.imp(@) = 300 ) " XS 0c 20k = XStimp 2cx- To study the evolu-

tion of the static susceptibility after the quench, it is conve-

nient to change variables in Eq. (17) to T’=%, T=1,—1).

. J—mvp . . .
Defining u=( ”277:;') and performing the integration over e
we get,

2
u , , Z , 1-
Xg,imp(q?Tm) = Zf dT f dTXi)c(T + 2,T - 2)
X[qup sin(quAT’ - T,,)]. (18)

We will present results for qu,<I" | and times 7,,>1/I" | so
that terms that fall off as FL;T or faster will be dropped.
Further, we will consider two cases: one where q=0 and the
other when qu> (T, TL)

For ¢=0, note that we should first perform the 7" integral
in Eq. (18), and then set g=0. This gives

Xs. lmp(q O) XS Limp,2CK 2XS imp,1CK> (19)

J. . . e101e .
where X§%,., 1cx= 2:{}”:)2 i— is the static susceptlblllty in

the 1CK ground state. For the case qu F>(T, T —), dropping
terms of O( ), we find

2qv T
eq 1
Xs.imp(qUE) = X5 mpack| 1= ECOS(quFTm)

+ Exg(fimp,ICK COS(quFTm)

MZ

- cosineintegral(47T,
e gral(477,,)

2 2
vp. T
__u q2F1 Ty <lan+--
8w’ | I} 2T 2T
2 qzvﬁ
PR

XCOS(ZqUFTm) g(TTm)’

u
207, (T2 + ¢%v?)

(20)

where g(x<<1)~1+0(x?), g(x>1)~;, and - represent

terms that are small in comparison to ln( ) In (ZT)

Thus we find a marked difference between the suscepti-
bility at long times after the quench and the susceptibility in
equilibrium X%, >cx. While x§%,, »cx is independent of
wave vector, the out of equilibrium susceptibility is strongly
dependent on ¢, and does not even reach a time-independent
steady state, but instead oscillates at frequency quy [Eq.
(20)]. For intermediate times TT,,<< 1, performing a time av-
eraging so that terms that oscillate at qu go to zero, we find
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]. (21)

Thus for an intermediate time which is longer, the lower the
temperature, the logarithmic divergences associated with the
bulk susceptibility X ;,,(qur) not only get cutoff by inverse
time [a result similar to Eq. (14) for the local susceptibility],
it also acquires some g-dependent corrections. In
contrast, at long times 7T,,>1, Eq. (20) implies that the
time-averaged susceptibility at large wave vectors qu>T is,
Xs.impqup>T> TL) = X5t mp 2ok O(#m), and therefore
equilibrates.

The ¢g=0 static susceptibility [Eq. (19)] on the other hand
is found to reach a time-independent steady state which is an
equal mixture of the nonanalytic in temperature form of the
2CK ground state, and the analytic in temperature form of
the ICK ground state. This lack of equilibration in bulk
properties is consistent with nonequilibrium time evolution
in integrable models where the system retains memory of its
initial state. For local quantities on the other hand [Egs. (12)
and (14)], at least at the Toulouse point, the rest of the sys-
tem to which they are coupled acts as a reservoir causing
them to equilibrate, but at very slow rates compared to a
1CK model.

In summary we have studied the nonequilibrium dynam-
ics in a 2CK system due to a quantum quench. Our results
highlight how the non-Fermi-liquid properties of the system,
along with its integrability affect the time evolution of
single-particle and two-particle expectation values. An inter-
esting question concerns the observability of the nonequilib-
rium dynamics presented here. Experiments may be charac-
terized by two kinds of effects that have not been taken into
account in the present treatment. One is that the system could
be “open,” i.e., coupled to some other modes such as
phonons, leading to an external dissipation rate 7, which
will eventually cause the system to equilibrate. The second
effect could be deviations from integrability arising, for ex-
ample, due to a nonlinear dispersion for the conduction elec-
trons. Studying the consequence of these effects is very in-
teresting and beyond the scope of this paper. However, one
may still be able to speculate on the effect of an external
dissipation. In particular, a characteristic of the 2CK system
is slow power-law dynamics. Thus we expect that for weak
dissipation Vaiss << |, the system will equilibrate slowly as
mmT , (where T,, is the time after the quench) so that a
nonequilibrium/transient state can still exist for long-enough
time scales to be observable. The results of this paper are
also relevant for Kondo systems in cold-atom gases where
dissipative effects are weak.!!

_ 1
XS,imp(qu > T_ > T)

u? ! 1 qzv%
= n
47TFJ_ 4FJ_T S(FL+q
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